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What do networks learn and when do
they learn it?

« Simplicity bias

* Learning dynamics — what is learned first

» Different layers — what Is learned by which
layers?

» Some experimental evidence

* What can we prove?



What do networks learn?

http://tfmeter.icsi.berkeley.edu/



http://tfmeter.icsi.berkeley.edu/
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Colors shows

data, neuron and ! ! q

weight values.

[] Showtestdata [] Discretize output

Accuracy for each class
Test: 0.0296 , 0.9144
Train: 0.0354 , 0.9210



Inception V1 (Olah et al, 2020)

Olah, Cammarata, Schubert, Goh, Petrov, Carter 2020
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Inception V1 (Olah et al, 2020 _—

conv2dO °[]

Gabor Filters 44% Color Contrast 42% Other Units 14%

Units that don't fit in another category.

Gabor filters are a simple edge detector, highly sensitive to the These units detect a color one side of their receptive field, and the
alignment of the edge. They're almost universally found in the fist opposite color on the other side. Compare to later color contrast
layer of vision models. Mote that Gabor filters almost always come {conv2dl, conv2d?, mixed3a, mixed3b)

in pairs of negative reciprocals.



Inception V1 (Olah et al, 2020)

conv2d1

Color Contrast 16%

Complex Gabor 14%
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Inception V1 (Olah et al, 2020

mixed3b

Boundary 8% Proto-Head 3%

Curve S

hapes 1% Circle Cluster 1%
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SGD Learns simple concepts first

CIFAR10, Animals vs Objects - Mutual-Information

0.7 CIFAR10, First Five vs Last Five
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Nakkiran, Kaplun, Kalimeris, Yang, Edelman, Yang, Zhang, B. 2020

Accuracy



Simplicity bias is a good thing...

x f(x)
A random f fitting (x;, y;);=1 ,, will never generalize. X1 Y
: X2 Y2
...and a bad thing o
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Example:
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[] Showtestdata [] Discretize output

Accuracy for each class
Test: 0.0000 , 1.0000
Train: 0.0000 , 1.0000
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[] Showtestdata [] Discretize output

Accuracy for each class
Test: 0.0863 , 0.8538
Train: 0.0941 , 0.8256



Simplicity

Feature ¢,

v P s

Bias in Neural Networks (NNs)

> - =]

Feature ¢,

The Pitfalls of Simplicity Bias in Neural Networks

Harshay Shah
Microsoft Research
harshay.rshah@gmail.com
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Microsoft Research
prajain@microsoft.com
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LMS -5: Linear + Multiple 5-Slabs

MNIST-CIFAR
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What can we prove?



(Over-parameterized) Linear Regression

lnPUt: (xll }’1); nen ) (xnl yn) € [Rd-l_l I d > N

Goal: Find w € R? s.t. (w, x;) = y;

* Ignoring bias /
assuming x; = (1, ...)

and (more importantly) (w, x) = y for fresh (x, y)

d
|
[ \
I X1 I
n - I X2 I z -

Many solutions
for w

~X"




(Over-parameterized) Linear Regression

lnPUt: (xli }’1); nen ) (xn; yn) € Rd-l_l I d > n

Goal: Find w € R? s.t. (w, x;) = y;
and (more importantly) (w, x) = y for fresh (x, y)

THM: GD / SGD on L(w) = ||Xw — y||* converges to arg min |[jw]|*

w:Xw=y

= lim arg min||Xw — y[|? + A||w]|?
A-0 w




o o lot x"2
< O | I v e X | ty re | I I | | I e r 5 Q, Al E) 1mages (] videos @ Maps & News i Mare
About 634,000,000 results (0.72 seconds)

«  f(x) = x?is convex

« If f:R* - R convex and g: R* — R” linear

fog(i.e.x— f(g(x)))is convex

e Iff,...,f,,, convex and a4, ...,a,, = 0
Y a;f; convex

e If f convexand 1 > 0
g(x) = f(x) + Al[x]|* strongly convex.



Linear regression SGD L

arg min||Xw — y||?

1. Letw, « 0%
2. Fort=0,1,...:

. Picki ~ [n] x| ((x, w) — ¥;)
+  Let wiq = wp — 1 Vllerwr—D=

Can ignore factor of 2

CLAIM: V({x;,w ) — y)% = 2 x/ x;w — 2y;x] d

"PE" I B
)2 . ,

1) In one dim d(xtlva) = 2x*w — 2yx | = |

ii) Dimensions match d 4 |k wl — P

2




Linear regression SGD —

) - T O-
arg min||Xw — y||° . X, Xl Ln
wlbd
1. Letw, « 04 ) = -
2. Fort=20,1,...:
 Picki ~ |n]

¢ Let W1 = W — 1 XLT(<XL, W) o yl)

COR 1: If w; € Span {x{..x}} then w,; € Span {x{..x}}

COR 2: If rank(X) = n then
XWe =y & We, € Span {x{..x,}}

COR 3: wy, = arg I)I(lin lw|?
w:Xw=y

COR4:w,, = %ir% arg min||Xw — y||? + A|lw]|?
N w



GD / SGD dynamics

Wi = We — 1 V|| Xwy — 3’”2 = W — UV(WJXTXWt

—wi XTy)(wy)

— W — U(XTXWt _XTY)

let Wy, 5.t. Xwo =y .Then Wiy = Wi — U(XTXWt - XTXWoo)

Wig1 — Woo = (I — X" X) (W — Woo)

1 A 1
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Actual GD /=7~
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Beyond linear regression



X

N T

Aq o A,

~JUJL—

Parameter space: R&*tthxm

Bx — A2A1x2
Same expressiveness /
functional space

Different parameter space

17

mplicit reqularization in deep networks
Depth 2 network

Depth 2 linear network

1
\/

Parameter space: R&*tthxm

Linear model

model

X B — AZAI

—

Parameter space: R**™



Linear model Depth 2 linear network

X B =A4,A4 X Aq A,
\ /

—

Parameter space: R4*™
P Parameter space: R&*tthxm

For every loss function L:

min L(B) = min L(44,43)
BUT
SGD/GD on 1 = SGD/GD on 1
Potentially convex Non-convex function in

function in B € R4xm (A1, A,) € RExhthxm




Gradient flow on deep linear nets

Linear model Depth 2 linear network

X B:AZ A

Parameter space: R*™
P Parameter space: R4*t+hxm

Simplifying assumptions: A; = A, symmetric
=> B=A4% A=+B

Analyze GD with 7 — 0 on min £(A) where L(A) = L(A?)



Gradient flow on deep linear nets £ = £*

B = A?
dA(t) 3
dt = —VL(A() GF on linear model:
< - dB(t)
\Y V V= AV —
( 1 \ [ 1 ‘ dt VL(B(t))
By chain rule VL(A) = VL(A?)A = AVL(A?)

dA%(t) dA(t)

Hence —
dt dt

A = -V-A=-A4-V-A

GF on deep linear net B = A%

dB(¢) % "The big get
— = —AVL(B(t))A=—VBVL(B(t))VB bigger”




GF on deep linear net B = A%:

dB(t
di ) _ _4 VL(B(t))A = —VBVL(B(t))VB
- . dB(t)
Generally GF on deep linear net B evolves* by - = — () ( VL(B (t)))
¥s(V) =" ) BEVBI®
Gradient flow on a Riemannian Manifold * not equivalent to min L(B) + 4 R(B)

Saxe, McClelland, Ganguli 2013
Arora, Cohen, Hazan, 2018
Bah, Rauhut, Terstiege, Westdickenberg, 2019



Riemannian Manifolds

External description: A smooth subset M € R"

Intrinsic description: Set M with “local geometry” at each x € M

For every x € M, tangent space T, - set of directions we can move in
(Gradient of f(x): shortest direction from x to increase f)

local inner product on T, - defined via PSD matrix M, on T,




Learning in different layers



Ca rJ[QOﬂ ‘dog on the beach” vitaln el
1

depends on
task/data

cat

beach

~ independent of
task/data

|

Low level




Non-convexity & symmetry breaking

1 I8 | B
2 2 =J

Intuition:

Initial weights: 0.49 = + 0.51 n 0.51 = + 0.49 n

U

Final weights: 0.01 = + 0.99 n 0.99 = + 0.01 n

(Too) strong hypothesis: All nets are similar up to
transformations, depending on initialization and data




Linear mode connectivity

fw,
O O

fweo

fwéo

1 1
Efwoo + Efwéo

1 1 1 1
L(szoo + Efwéo> > Eﬁ(fwoo) + Eﬁ(fw;o)

Frankle, Dziugaite, Roy, Carbin, 2019

O -
5



Linear mode connectivity

Random Reinit

Random Pruning
— IMP

fwo

Efwoo + Efv’\”/oo

1 1 1 1
L(Efwoo + Efwgo> > Eﬁ(fwoo) + Eﬁ(fwgo)

Frankle, Dziugaite, Roy, Carbin, 2019

Test Error (%)

100 4
B
6 -
40
20 4

0

ResNet-20 Low (8.6%)

~

0.0 02 04 06 08 1.0
Interpolation

fwéo
O

Instability (%)

80 -

4) 1
20) 1

Inception-v3 (ImageNet)

IIIIIIII

0 4 8 1216202428
k in Epochs
=== Train Error
== Test Error

1 1 N 1 1
L(Efwoo T+ Efwoo) -~ EL(fWoo) + EL(fWoo)

* After pruning / from w,, for k > 0



similarity to final state

‘ a y ‘ | ; 0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

0% trained 35% trained 75% trained 100% trained

Convnet, CIFAR-10
layer (during training)

Sty Sty Sty Sty Sty Sty Sty Sty Sty Sty Sty Sty Sty Sty Sty St .
00z e Ve Ve ey 963 ay ey Vg Yeg ey Oag Bes Des e ey gy,
o, Yo, Vo Yo, Yo Yo S Yop, Lo, Pop ops Yops Yops Llop, Yop, 2 Lty iy
ky ko Gy Ok TCky ko thy kg Cky ko kg kg Chp ko hy kg Tty oo e, Oy

< [ H HNNNNEEEENEEEEEEEE
- HHEHEN H
AHEREN

o [ IHIHEN
100 -
Raghu, Gilmer, Yosinski, Sohl-Dickstein, 2017 randomness just for symmetry breaking!

Zhang, Bengio, Singer 2019



Theoretical insights

Intuition: If data doesn’t contain “local correlations” then “can’t get off
the ground” — learning will not succeed.

"dog on the beach” Failures of Gradient-Based Deep Learning

Shai Shalev-Shwartz!, Ohad Shamir®, and Shaked Shammah!

Is Deeper Better only when Shallow is Good?

Eran Malach and Shai Shalev-Shwartz

Poly-time universality and limitations of deep learning

Emmanuel Abbe Colin Sandon

EPFL MIT

Memory, Communication, and Statistical Queries

CONJ/TH M: If X, Y k—Wise independent for Jacob Steinhardt” ISTEINHARDT @CS.STANFORD.EDU
P Gregory Valiant' VALIANT @ STANFORD.EDU
mOderate k then Can t |ea rn Stet'in Wager* SWAGER®@ STANFORD.EDU

Departments of Computer Science™ | and Statistics®, Stanford University, Stanford, CA-94305, USA




Canonical "hard” example: parities |s= Z«a| | *:ii.
For I C [d], D, defined as: x ~ {+1}%,y = [1;¢; ; Teeaaf el

Example: d = 7,1 = {1,3,6,7}

+1

+1

+1

+1

Nl

num._4q (XI) odd
num_4(x;) even

CLAIM: Given 2d samples (x;,V;)i=1 24 ~ D; can recover |



Canonical "hard” example: pa :{ 1 num_y () odd

+1, num_4(x;) even

ForI € [d], D, defined as: x ~ {+1}%,y = [1;c7 x;
CLAIM: Given 2d samples (x;,V;)i=1 24 ~ D; can recover [

PROOF: Let Zi,j = (1 — xl’])/Z and bi = (1 — yl)/Z
lets; =1ifi €] and s; = 0 otherwise
l”]

Then for every i, ).; Z; js; = b; (mod 2)

2d linear equations modulo 2 in d variables s, ..., s;! .




Parities can be expressed by few RelLUs




.but are hard to learn

ooooo

THM: For every* NN architecture f;, (x), SGD on minl||f,, (x) — [1;c; x;[* will
require exp(Q(d)) steps.

Key fact: For fixed w define rv. D, = V||f,, (x) — [1;c; x;||*(w) over the
choice of x ~ {+1}%,1 < [d] . Then

poly(d)
Zd

Var(D,,) <

Possibly large but
independent of |

i

ﬁ Exponentially tiny




Key fact: For fixed w define rv. D, = V||f,, (x) — [1;c; x;||*(w) over the
choice of x ~ {+1}¢,] € [d] . Then

poly(d)
Zd

Var(D,,) <

PF: Fix w & coordinate i, and let D, = %Ilfw(x) — [ie; x: 11 (W)

Then D, = 2£,,(x) = £, (x) = 2= £, () Tlies

1 J
Y L Y J

Independent of [ Depends on |

2
LEMMA: For every g: R - R, (]Ex~{i1}dIEIC 90O ies XL) < xg(x)

LEMMA = FACT = THM



2 _E, 2
LEMMA: For every g:R? - R, (E,_¢; 3aE1cia19() [ig %) < ng)

PF: (B, 132 Ercra19 (o) [ies xi)z < (Exg(x)?) - (Ex (B [lie;x)?)
Ey (E; TTie; %)% = Ex(E; [Tie; %) (E; [T, %5)

= ]EIIE] ]EX'V{il}d HiEI xi H]EJ Xj

_ 1, I =
K1y [Licixillje; % = sz=1 EUE{il}GnlE{O’LZ} B {0 I ;t;






BONUS

Measuring Robustness to Natural Distribution Shifts in Image
Classification

Taori, Dave, Shankar, Carlini, Recht, Schmidt

https.//modestyachts.github.io/imagenet-testbed/
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