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What do networks learn and when do  
they learn it?

• Simplicity bias

• Learning dynamics – what is learned first

• Different layers – what is learned by which 

layers? 

• Some experimental evidence

• What can we prove?



What do networks learn?

http://tfmeter.icsi.berkeley.edu/

http://tfmeter.icsi.berkeley.edu/




Inception V1 (Olah et al, 2020)

Olah, Cammarata, Schubert, Goh, Petrov, Carter 2020



Inception V1 (Olah et al, 2020)

conv2d0



Inception V1 (Olah et al, 2020)
conv2d1



Inception V1 (Olah et al, 2020)
mixed3b



SGD Learns simple concepts first

Nakkiran, Kaplun, Kalimeris, Yang, Edelman, Yang, Zhang, B. 2020



Simplicity bias is a good thing…

A random 𝑓 fitting 𝑥𝑖 , 𝑦𝑖 𝑖=1..𝑛 will never generalize.

𝒙 𝒇(𝒙)

𝑥1 𝑦1

𝑥2 𝑦2

𝑥3 𝑦3

… …

𝑥𝑛 𝑦𝑛

𝒙 __

… and a bad thing



Example:







What can we prove?



(Over-parameterized) Linear Regression

Input: 𝑥1, 𝑦1 , … , 𝑥𝑛, 𝑦𝑛 ∈ ℝ𝑑+1 , 𝑑 ≫ 𝑛

Goal: Find 𝑤 ∈ ℝ𝑑 s.t. 𝑤, 𝑥𝑖 ≈ 𝑦𝑖
and (more importantly) 𝑤, 𝑥 ≈ 𝑦 for fresh (𝑥, 𝑦)

𝑥1

𝑥2

𝑥𝑛
𝑤

𝑦1

𝑦2

𝑦𝑛

𝑛

𝑑

𝑑

≈
⋮⋮

𝑛

* Ignoring bias / 

assuming 𝑥𝑖 = (1,… )

Many solutions 

for 𝑤



(Over-parameterized) Linear Regression

THM: GD / SGD on ℒ 𝑤 = 𝑋𝑤 − 𝑦 2 converges to arg min
𝑤∶𝑋𝑤=𝑦

𝑤 2

= lim
𝜆→0

argmin
𝑤

𝑋𝑤 − 𝑦 2 + 𝜆 𝑤 2

Input: 𝑥1, 𝑦1 , … , 𝑥𝑛, 𝑦𝑛 ∈ ℝ𝑑+1 , 𝑑 ≫ 𝑛

Goal: Find 𝑤 ∈ ℝ𝑑 s.t. 𝑤, 𝑥𝑖 ≈ 𝑦𝑖
and (more importantly) 𝑤, 𝑥 ≈ 𝑦 for fresh (𝑥, 𝑦)



Convexity reminders

• 𝑓 𝑥 = 𝑥2 is convex

• If 𝑓:ℝ𝑘 → ℝ convex and 𝑔:ℝ𝑑 → ℝ𝑘 linear

𝑓 ∘ 𝑔 (i.e. 𝑥 ↦ 𝑓(𝑔 𝑥 ) ) is convex

• If 𝑓1, … , 𝑓𝑚 convex and 𝛼1, … , 𝛼𝑚 ≥ 0

∑𝛼𝑖𝑓𝑖 convex

• If 𝑓 convex and 𝜆 > 0

𝑔 𝑥 = 𝑓 𝑥 + 𝜆 𝑥 2 strongly convex.



Linear regression SGD
argmin 𝑋𝑤 − 𝑦 2

1. Let 𝑤0 ← 0𝑑

2. For 𝑡 = 0,1,… :

• Pick 𝑖 ∼ 𝑛
• Let  𝑤𝑡+1 = 𝑤𝑡 − 𝜂 ∇𝑤 𝑥𝑖 , 𝑤 − 𝑦𝑖

2

CLAIM: ∇ 𝑥𝑖 , 𝑤 − 𝑦𝑖
2 = 2 𝑥𝑖

⊤𝑥𝑖𝑤 − 2𝑦𝑖𝑥𝑖
⊤

“PF”:
𝑥𝑖

𝑤𝑥𝑖
⊤ − 𝑥𝑖

⊤

𝑦𝑖

∇𝑤=𝑑 𝑑

𝑑

ii) Dimensions match

i) In one dim  
𝑑 𝑥𝑤−𝑦 2

𝑑𝑤
= 2x2w− 2yx

𝑥𝑖
⊤( 𝑥𝑖 , 𝑤 − 𝑦𝑖)

Can ignore factor of 2



argmin 𝑋𝑤 − 𝑦 2

1. Let 𝑤0 ← 0𝑑

2. For 𝑡 = 0,1,… :

• Pick 𝑖 ∼ 𝑛
• Let  𝑤𝑡+1 = 𝑤𝑡 − 𝜂 ∇𝑤 𝑥𝑖 , 𝑤 − 𝑦𝑖

2

COR 1: If 𝑤𝑡 ∈ 𝑆𝑝𝑎𝑛 𝑥1
⊤. . 𝑥𝑛

⊤ then 𝑤𝑡+1 ∈ 𝑆𝑝𝑎𝑛 𝑥1
⊤. . 𝑥𝑛

⊤

𝑥𝑖
⊤( 𝑥𝑖 , 𝑤 − 𝑦𝑖)

COR 2: If 𝑟𝑎𝑛𝑘 𝑋 = 𝑛 then 

𝑋𝑤∞ = 𝑦 & 𝑤∞ ∈ 𝑆𝑝𝑎𝑛 𝑥1
⊤. . 𝑥𝑛

⊤

COR 3: 𝑤∞ = arg min
𝑤:𝑋𝑤=𝑦

𝑤 2

COR 4: w∞ = lim
𝜆→0

argmin
𝑤

𝑋𝑤 − 𝑦 2 + 𝜆 𝑤 2

Linear regression SGD



GD / SGD dynamics
𝑤𝑡+1 = 𝑤𝑡 − 𝜂 ∇ 𝑋𝑤𝑡 − 𝑦 2 = 𝑤𝑡 − 𝜂∇(𝑤𝑡

⊤𝑋⊤𝑋𝑤𝑡 −𝑤𝑡
⊤𝑋⊤𝑦)(𝑤𝑡)

= 𝑤𝑡 − 𝜂(𝑋⊤𝑋𝑤𝑡 − 𝑋⊤𝑦)

𝑤𝑡+1 = 𝑤𝑡 − 𝜂(𝑋⊤𝑋𝑤𝑡 − 𝑋⊤𝑋𝑤∞)Let 𝑤∞ s.t.  𝑋𝑤∞ = 𝑦 . Then

Make progress as long as 0 ≺ 𝐼 − 𝜂𝑋⊤𝑋 ≺ 1: 𝜂 <
1

𝜆1
, progress ≈

𝜆𝑑

𝜆1
=

1

𝜅

𝑋⊤𝑋 =
𝜆1 ⋯
⋮ ⋱ ⋮

⋯ 𝜆𝑑

𝑑 < 𝑛 𝑑 ≈ 𝑛 𝑑 > 𝑛

𝑤𝑡+1 − 𝑤∞ = 𝐼 − 𝜂𝑋⊤𝑋 (𝑤𝑡 −𝑤∞)

Random 𝑋:

* dropping 2’s throughout



Actual GD / SGD 
𝑤𝑡+1 = 𝑤𝑡 − 𝜂 ∇ 𝑋𝑤 − 𝑦 2 = 𝑤𝑡 − 𝜂∇(𝑤⊤𝑋⊤𝑋𝑤 −𝑤⊤𝑋⊤𝑦)(𝑤𝑡)

= 𝑤𝑡 − 𝜂(𝑋⊤𝑋𝑤𝑡 − 𝑋⊤𝑦)

𝑤𝑡+1 = 𝑤𝑡 − 𝜂(𝑋⊤𝑋𝑤𝑡 − 𝑋⊤𝑋𝑤∞)Let 𝑤∞ s.t.  𝑋𝑤∞ = 𝑦 . Then

𝑤𝑡+1 − 𝑤∞ = 𝐼 − 𝜂𝑋⊤𝑋 (𝑤𝑡 −𝑤∞)

Grosse lecture notes

Hastie-Montanari-Rosset-Tibshirani, 20

Make progress as long as 0 ≺ 𝐼 − 𝜂𝑋⊤𝑋 ≺ 1: 𝜂 <
1

𝜆1
, progress ≈

𝜆𝑑

𝜆1
=

1

𝜅

𝑋⊤𝑋 =
𝜆1 ⋯
⋮ ⋱ ⋮

⋯ 𝜆𝑑

𝑑 < 𝑛 𝑑 ≈ 𝑛 𝑑 > 𝑛

Random 𝑋:



Beyond linear regression



Implicit regularization in deep networks
Depth 2 network

𝐴1 𝜎𝑥

Depth 2 linear network

Parameter space: ℝ𝑑×ℎ+ℎ×𝑚 Parameter space: ℝ𝑑×ℎ+ℎ×𝑚

Linear model

Parameter space: ℝ𝑑×𝑚

𝐵𝑥 = 𝐴2𝐴1𝑥:

Same expressiveness / 

functional space

Different parameter space

𝐴2



Linear model

Parameter space: ℝ𝑑×𝑚

Depth 2 linear network

Parameter space: ℝ𝑑×ℎ+ℎ×𝑚

min ℒ(𝐵) min ℒ(𝐴1, 𝐴2)=

For every loss function ℒ:

SGD/GD on ↑ SGD/GD on ↑≠
BUT

Potentially convex 

function in 𝐵 ∈ ℝ𝑑×𝑚

Non-convex  function in 

(𝐴1, 𝐴2) ∈ ℝ𝑑×ℎ+ℎ×𝑚



Simplifying assumptions: 𝐴1 = 𝐴2 symmetric 

⇒ 𝐵 = 𝐴2, 𝐴 = 𝐵

Linear model

Parameter space: ℝ𝑑×𝑚

Depth 2 linear network

Parameter space: ℝ𝑑×ℎ+ℎ×𝑚

Analyze GD with 𝜂 → 0 on min ሚℒ(𝐴) where ሚℒ 𝐴 = ℒ(𝐴2)

𝐴𝐴
𝐵 = 𝐴2

Gradient flow on deep linear nets



Gradient flow on deep linear nets ሚℒ 𝐴 = ℒ(𝐴2)

𝑑𝐴(𝑡)

𝑑𝑡
= −∇ ሚℒ(A t )

By chain rule  ∇ ሚℒ 𝐴 = ∇ℒ 𝐴2 𝐴

𝐵 = 𝐴2

෩∇ ∇

= A∇ℒ 𝐴2

𝑑𝐵(𝑡)

𝑑𝑡
= −∇ℒ(B t )

GF on linear model:

𝑑𝐵(𝑡)

𝑑𝑡
= −𝐴 ∇ℒ 𝐵 𝑡 𝐴 = − 𝐵 ∇ℒ 𝐵 𝑡 𝐵

GF on deep linear net 𝐵 = 𝐴2:

“The big get 

bigger”

෩∇= 𝐴∇

𝑑𝐴2(𝑡)

𝑑𝑡
=
𝑑𝐴(𝑡)

𝑑𝑡
⋅ 𝐴Hence = −෩∇ ⋅ 𝐴 = −𝐴 ⋅ ∇ ⋅ 𝐴

* dropping 2’s throughout



𝑑𝐵(𝑡)

𝑑𝑡
= −𝐴 ∇ℒ 𝐵 𝑡 𝐴 = − 𝐵 ∇ℒ 𝐵 𝑡 𝐵

GF on deep linear net 𝐵 = 𝐴2:

Generally GF on deep linear net 𝐵 evolves* by 𝑑𝐵(𝑡)

𝑑𝑡
= −𝜓𝐵 𝑡 ( ∇ℒ 𝐵 𝑡 )

𝜓𝐵 ∇ =∗ 𝐵𝛼 ∇𝐵1−𝛼

Saxe, McClelland, Ganguli 2013

Arora, Cohen, Hazan, 2018

Bah, Rauhut, Terstiege, Westdickenberg, 2019

Gradient flow on a Riemannian Manifold * not equivalent to minℒ 𝐵 + 𝜆 𝑅(𝐵)



Riemannian Manifolds
External description:  A smooth subset ℳ ⊆ ℝ𝑁

Intrinsic description:  Set ℳ with “local geometry” at each 𝑥 ∈ ℳ

For every 𝑥 ∈ ℳ, tangent space 𝑇𝑥 - set of directions we can move in

(Gradient of 𝑓(𝑥): shortest direction from 𝑥 to increase 𝑓)

local inner product on 𝑇𝑥 - defined via PSD matrix 𝑀𝑥 on 𝑇𝑥



Learning in different layers



Cartoon “dog on the beach”

cat

beach

fur

light

dog

High level

Low level

~ independent of 

task/data

depends on 

task/data



Non-convexity & symmetry breaking
1

2
+

1

2
= 𝐽𝑈𝑁𝐾

0.49 + 0.51

Intuition:

0.51 + 0.49Initial weights:

Final weights: 0.01 + 0.99 0.99 + 0.01

(Too) strong hypothesis: All nets are similar up to 

transformations, depending on initialization and data



Linear mode connectivity

𝑓𝑤∞

𝑓𝑤0
′𝑓𝑤0

𝑓𝑤∞
′

1

2
𝑓𝑤∞

+
1

2
𝑓𝑤∞

′

Frankle, Dziugaite, Roy, Carbin, 2019

𝑆
𝑆

ℒ
1

2
𝑓𝑤∞

+
1

2
𝑓𝑤∞

′ ≫
1

2
ℒ 𝑓𝑤∞

+
1

2
ℒ(𝑓𝑤∞

′ )



Linear mode connectivity

𝑓𝑤∞

𝑓𝑤0
′𝑓𝑤0

𝑓𝑤∞
′

Frankle, Dziugaite, Roy, Carbin, 2019

ℒ
1

2
𝑓𝑤∞

+
1

2
𝑓𝑤∞

′ ≫
1

2
ℒ 𝑓𝑤∞

+
1

2
ℒ(𝑓𝑤∞

′ )

𝑆ሚ𝑆
𝑓𝑤∞

1

2
𝑓𝑤∞

+
1

2
𝑓𝑤∞

ℒ
1

2
𝑓𝑤∞

+
1

2
𝑓𝑤∞

≈
1

2
ℒ 𝑓𝑤∞

+
1

2
ℒ(𝑓𝑤∞

)

𝑆

* After pruning / from 𝑤𝑘 for 𝑘 > 0



Layers

Zhang, Bengio, Singer 2019

Raghu, Gilmer, Yosinski, Sohl-Dickstein, 2017

similarity to final state

randomness just for symmetry breaking!



Theoretical insights
Intuition: If data doesn’t contain “local correlations” then “can’t get off 

the ground” – learning will not succeed.

CONJ/THM:  If 𝑋, 𝑌 𝑘-wise independent for 

moderate 𝑘 then can’t learn



Canonical “hard” example: parities

For I ⊆ 𝑑 , 𝐷𝐼 defined as: 𝑥 ∼ ±1 𝑑 , 𝑦 = ς𝑖∈𝐼 𝑥𝑖

CLAIM: Given 2𝑑 samples 𝑥𝑖 , 𝑦𝑖 𝑖=1..2𝑑 ∼ 𝐷𝐼 can recover 𝐼

+𝟏 +𝟏 −𝟏 +𝟏 +𝟏 +𝟏 −𝟏

1 2           3 4            5            6 7

Example: 𝑑 = 7, 𝐼 = {1,3,6,7}

−𝟏 −𝟏 −𝟏 +𝟏 −𝟏 −𝟏 +𝟏

−𝟏 +𝟏 +𝟏 −𝟏 −𝟏 +𝟏 +𝟏

+1

−1

−1

= ቊ
−1, num−1 𝑥𝐼 odd

+1, num−1 𝑥𝐼 even



Canonical “hard” example: parities

For I ⊆ 𝑑 , 𝐷𝐼 defined as: 𝑥 ∼ ±1 𝑑 , 𝑦 = ς𝑖∈𝐼 𝑥𝑖

CLAIM: Given 2𝑑 samples 𝑥𝑖 , 𝑦𝑖 𝑖=1..2𝑑 ∼ 𝐷𝐼 can recover 𝐼

PROOF: Let 𝑍𝑖,𝑗 = (1 − 𝑥𝑖,𝑗)/2 and 𝑏𝑖 = (1 − 𝑦𝑖)/2

Let 𝑠𝑖 = 1 if 𝑖 ∈ 𝐼 and 𝑠𝑖 = 0 otherwise

Then for every 𝑖, ∑𝑗 𝑍𝑖,𝑗𝑠𝑗 = 𝑏𝑖 (mod 2)

= ቊ
−1, num−1 𝑥𝐼 odd

+1, num−1 𝑥𝐼 even

2𝑑 linear equations modulo 2 in 𝑑 variables 𝑠1, … , 𝑠𝑑!



Parities can be expressed by few ReLUs

⋮

𝑧1

𝑧2

𝑧3

𝑧𝑑

𝐿𝑖𝑛

0

1

𝑘 − 1 𝑘 𝑘 + 1



..but are hard to learn

THM: For every* NN architecture 𝑓𝑤(𝑥), SGD on min 𝑓𝑤 𝑥 − ς𝑖∈𝐼 𝑥𝑖
2 will 

require exp(Ω 𝑑 ) steps.

Possibly large but 

independent of 𝐼
Exponentially tiny

Key fact: For fixed 𝑤 define r.v. Dw = ∇ 𝑓𝑤 𝑥 − ς𝑖∈𝐼 𝑥𝑖
2(𝑤) over the 

choice of x ~ ±1 𝑑 , 𝐼 ⊆ [𝑑] .  Then 

𝑉𝑎𝑟 𝐷𝑤 ≤
𝑝𝑜𝑙𝑦 𝑑

2𝑑



Key fact: For fixed 𝑤 define r.v. Dw = ∇ 𝑓𝑤 𝑥 − ς𝑖∈𝐼 𝑥𝑖
2(𝑤) over the 

choice of x ~ ±1 𝑑 , 𝐼 ⊆ [𝑑] .  Then 

𝑉𝑎𝑟 𝐷𝑤 ≤
𝑝𝑜𝑙𝑦 𝑑

2𝑑

PF: Fix 𝑤 & coordinate 𝑖, and let 𝐷𝑥 =
𝑑

𝑑𝑖
𝑓𝑤 𝑥 − ς𝑖∈𝐼 𝑥𝑖

2(𝑤)

Then 𝐷𝑥 = 2𝑓𝑤(𝑥)
𝑑

𝑑𝑖
𝑓𝑤 𝑥 − 2

𝑑

𝑑𝑖
𝑓𝑤 𝑥 ς𝑖∈𝐼 𝑥𝑖

Independent of 𝐼 Depends on 𝐼

LEMMA: For every 𝑔:ℝ𝑑 → ℝ,  𝔼𝑥∼ ±1 𝑑𝔼𝐼⊆ 𝑑 𝑔 𝑥 ς𝑖∈𝐼 𝑥𝑖
2
≤

𝔼𝑥𝑔 𝑥 2

2𝑑

LEMMA ⇒ FACT ⇒ THM



LEMMA: For every 𝑔:ℝ𝑑 → ℝ,  𝔼𝑥∼ ±1 𝑑𝔼𝐼⊆ 𝑑 𝑔 𝑥 ς𝑖∈𝐼 𝑥𝑖
2
≤

𝔼𝑥𝑔 𝑥 2

2𝑑

PF: 𝔼𝑥∼ ±1 𝑑𝔼𝐼⊆ 𝑑 𝑔 𝑥 ς𝑖∈𝐼 𝑥𝑖
2
≤ 𝔼𝑥𝑔 𝑥 2 ⋅ 𝔼𝑥 𝔼𝐼 ς𝑖∈𝐼 𝑥𝑖

2

𝔼𝑥 𝔼𝐼 ς𝑖∈𝐼 𝑥𝑖
2 = 𝔼𝑥 𝔼𝐼ς𝑖∈𝐼 𝑥𝑖 𝔼𝐽ς𝑗∈𝐽 𝑥𝑗

= 𝔼𝐼𝔼𝐽 𝔼𝑥∼ ±1 𝑑 ς𝑖∈𝐼 𝑥𝑖ς𝑗∈𝐽 𝑥𝑗

𝔼𝑥∼ ±1 𝑑 ς𝑖∈𝐼 𝑥𝑖ς𝑗∈𝐽 𝑥𝑗 = ς𝑖=1
𝑑 𝔼𝜎∈ ±1 𝜎

𝑛𝑖∈{0,1,2} = ቊ
1, 𝐼 = 𝐽
0, 𝐼 ≠ 𝐽





Bonus

Measuring Robustness to Natural Distribution Shifts in Image 

Classification

Taori, Dave, Shankar, Carlini, Recht, Schmidt

https://modestyachts.github.io/imagenet-testbed/










